The Lie conformal algebra of loop Virasoro algebra, denoted by C W , is introduced in this paper. Explicitly, C W is a Lie conformal algebra with
INTRODUCTION
The notion of Lie conformal algebras, introduced in Ref. 7 , encodes an axiomatic description of the operator product expansion of chiral fields in conformal field theory. Conformal module is a basic tool for the construction of free field realization of infinite dimensional Lie (super)algebras in conformal field theory. In recent years, the structure theory, representation theory and cohomology theory of Lie conformal algebras have been extensively studied by many scholars. For example, a finite simple conformal algebra was proved to be isomorphic to either the conformal Virasoro algebra or the current conformal algebra associated with a simple finite dimensional Lie algebra in Ref. 3 . Finite irreducible conformal modules over the conformal Virasoro algebra were determined in Ref. 2 . The cohomology theory of conformal algebras was developed in Ref. 1 . The low dimensional cohomologies of the infinite rank general Lie conformal algebras gc N with trivial coefficients were computed in Ref. 9 . Filtered Lie conformal algebras whose associated graded algebras are isomorphic to that of general conformal algebra gc 1 were investigated in Ref. 11 . Two new nonsimple conformal algebras associated with the Schrödinger −Virasoro Lie algebra and the extended Schrödinger −Virasoro Lie algebra were constructed in Ref. 10 . The Lie conformal algebra of a block type was introduced and free intermediate series modules were classified in Ref. 4 .
In this paper, we would like to consider a Lie conformal algebra related to the so-called loop Virasoro algebra, whose representation theory was studied in Ref. 5 . The loop Virasoro algebra Ł is defined to be a Lie algebra with basis {L α,i | α, i ∈ Z} and Lie brackets given by
The loop Virasoro algebra plays an important role in the structure theory of infinite dimensional Lie algebras. 6 The Lie conformal algebra of Ł, denoted by C W , is constructed in Section 2. As one can see, it is a Lie conformal algebra with
We should remark that the conformal subalgebra C[∂ ]L 0 is isomorphic to the well known conformal Virasoro algebra. This paper is organized as follows. In Section 2, we recall some basic definitions of Lie conformal algebras. In Section 3, conformal derivations of C W are determined. Furthermore, rank one conformal modules and Z-graded free intermediate series modules over C W are classified in Section 4 and Section 5, respectively.
PRELIMINARIES
We recall some definitions related to Lie conformal algebras in this section. 3, 7, 8 A formal distribution (usually called a field by physicists) with coefficients in a complex vector space U is a series of the following form:
where z is an indeterminate and a (i) ∈ U . Denote by U [[z, z −1 ]] the space of formal distribution with co-
Definition 2.1. A family F of pairwise local formal distributions, whose coefficients span g, is called a formal distributions Lie algebra of g. In such a case, we say that the family F spans g. We will write (g, F) to emphasize the dependence on F.
Define the formal delta distribution to be
The following proposition describes an equivalent condition for a formal distribution to be local. 
In this paper, we adopt the following definition of Lie conformal algebras using λ -brackets as in Ref. 
(2.1)
For any local formal distribution a(z, w), the formal Fourier transformation
One can check that this definition of λ -brackets satisfies (2.1). Given a formal distributions Lie algebra (g, F), we may always include F in the minimal family F c of pairwise local distributions which is closed under the derivative ∂ and the λ -brackets. Then F c is actually a Lie conformal algebra. We call it a Lie conformal algebra of g.
Following this procedure, we define
Hence by Proposition 2.2, {L i (z) | i ∈ Z} are pairwise local formal distributions, whose coefficients span 
We often write φ instead of φ λ for simplicity.
It can be easily verified that for any x ∈ A, the map ad x , defined by (ad x ) λ y = [x λ y] for y ∈ A, is a conformal derivation of A. All conformal derivations of this kind are called inner. Denote by Der A and Inn A the vector spaces of all conformal derivations and inner conformal derivations of A, respectively.
Definition 2.5. A conformal module M over a Lie conformal algebra
In addition, if each V i is freely generated by one element v i ∈ V i over C[∂ ], we call V a Z-graded free intermediate series module.
CONFORMAL DERIVATIONS OF
the sense that for any x ∈ C W only finitely many D i λ (x) = 0.
Lemma 3.1. For any c ∈ Z, D c is an inner conformal derivation of the form D
Setting µ = 0 in (3.1), one gets
RANK ONE CONFORMAL MODULES OVER C W
Suppose M is a free conformal module of rank one over C W . We may write M = C[∂ ]v and assume
One can obtain the following result easily.
Lemma 4.1. For any i, j ∈ Z, the following equality holds:
Then the result follows.
Lemma 4.2. Suppose M is a nontrivial free conformal modules of rank one over
Proof. Setting j = 0 in (4.1), one has
Setting i = 0 in (4.2), we have
Comparing the highest degree of λ on both sides in (4.3), 
Then we can rephrase (4.3) as follows:
Thus we obtain c(λ
Then c(λ ) = 0 or −1 from (4.5).
If c(λ ) = 0, then d(λ ) = 0 from (4.6). Consequently, f 0 (∂ , λ ) = 0 and f i (∂ , λ ) = 0 for any i ∈ Z from (4.2). In this case, M is a trivial C W -module.
If
Next we attempt to compute f i (∂ , λ ) for any i ∈ Z. Setting λ = 0 in (4.2), we have
, which is a unique factorization domain, one obtain from (4.7) that
Setting λ = µ in (4.2), we have
Then we obtain
. From (4.10), we obtain 
Z-GRADED FREE INTERMEDIATE SERIES MODULES OVER C W
In this section, we give a classification of Z-graded free intermediate series modules over C W . Let V be an arbitrary Z-graded free intermediate series module over C W . Then V = ⊕ i∈Z V i , where each V i is freely generated by some element
Then the conformal module structure on V is determined if and only if all of its structure coefficients are specified. From Definition 2.5, one can obtain the following result.
Lemma 5.1. The structure coefficients f i, j (∂ , λ ) of V satisfy the following equality :
Similarly we have the following two equalities:
Then the result follows from the defining relations of a conformal module.
Proof. From (5.1), we get
Proof. Let i = 0 in (5.1), then we obtain
Proof. It follows from Lemmas 5.2 and 5.3 immediately.
From now on, we assume that V is a nontrivial module. Then from Proposition 5.
Proof. Set i = j = 0 in (5.1), one gets Proof. Setting λ = 0 in (5.3), one has 
Proof. Let µ = 0 in (5.3), we have
, we can rephrase the equation (5.6) as follows
Denote d(∂ ) = f j,k (∂ , 0) and let λ approach to zero in (5.7), then we obtain an ordinary differential equation
As d(∂ ) is a polynomial, there exists some c j,k ∈ C such that
Since f j,k (∂ , λ ) = 0, then c j,k = 0 and 1 + a j+k − a k ∈ N. Combining (5.7) and (5.8), one gets
Let ∂ − b = Nλ for some N ∈ C in (5.10), one can obtain by (5.9) that
where e = 1 + a j+k − a k . Let N = −1 in (5.11), we have
2 and a j+k = 2n−1 2 for some n ∈ N. Set N = 0 in (5.11), we have 2
In the case of a k = − 2n+1 2
and a j+k = 2n−1 2 , we have 2 2n (3 − 2n) = 2n + 3. Since n ∈ N, then n = 0. Consequently a k = a j+k = − 1 2 and return to the first case.
Let A be the sequence {a i } i∈Z . Then by Lemma 5.7, a i ∈ {0, −1} or a i = a j for any i, j ∈ Z.
We can prove the following result. 
